In this paper, the notions of an expansion of filters and (τ, σ)-primary filters are introduced, and related properties are investigated.
Introduction
Residuated lattices, introduced by Ward and Dilworth in [6] , are a common structure among algebras associated with logical systems. The main examples of residuated lattices related to logic are MV-algebras introduced by Chang [2] and BL-algebras introduced by Hájek [3] .
Filters and ideals theory play an important role in studying these algebras. From logical point of view, filters correspond to sets of provable formulae. In this paper, the notion of an expansion of filters and (τ, σ)-primary filters in residuated lattices is defined and several characterizations of them are given.
Preliminaries
We review the basic definitions of residuated lattice, with more details. A residuated lattice is an algebra (L, ∧, ∨, , →, 0, 1) equipped with an order ≤ satisfying the following:
(LR 1 ) (L, ∧, ∨, 0, 1) is a bounded lattice, (LR 2 ) (L, , 1) is a commutative ordered monoid, (LR 3 ) and → form an adjoint pair i.e, c ≤ a → b if and only if a c ≤ b, for all a, b, c ∈ L.
Lemma 2.1 ( [3, 5] ) Let L be a residuated lattice. Then for any x, y, z ∈ L we have:
From now on, unless mentioned otherwise, (L, ∧, ∨, , →, 0, 1) will be a residuated lattice, which will often be referred by its support set L.
The following definitions are stated from [3, 4, 5] . Let φ = F ⊆ L, and x, y, z ∈ L. For convenience, we enumerate some conditions which will be used in the following study:
(F 1 ) x, y ∈ F implies x y ∈ F and x ∈ F , x ≤ y imply y ∈ F .
. F is called a prime filter of L, if 0 ∈ F and it satisfies in the conditions (F 1 ) and (F 2 ). We denote by Spec(L) the set of all prime filters of L. F ∈ Spec(L) if and only if 0 ∈ F and it satisfies in conditions (F 1 ) and (F 2 ) . F is called a maximal filter of L, if 0 ∈ F and it satisfies in the conditions (F 1 ) and (F 3 ). We denote by M ax(L) the set of all maximal filters of L.
Expansions Of Filters
Definition 3.1 An expansion of filters in L is defined to be a function σ :
Then we can see that σ is an expansion of filters in L.
Definition 3.3 Let τ and σ be expansions of filters. Then a filter F of L is said to be (τ, σ)-primary if
Lemma 3.4 Let F ∈ F (L) and τ 0 and σ 0 are the functions in Example 3.2(1). Then F is (τ 0 , σ 0 )-primary if and only if it is a prime filter of L.
The proof of the converse part: Proof. Let F be a (τ, σ)-primary, a ∨ b ∈ F and a ∈ σ(F ). We must show that b ∈ τ (F ). Let b ∈ τ (F ). By the fact that F is a (τ, σ)-primary, we get a ∈ σ(F ). That is a contradiction, so b ∈ τ (F ), i.e. F is a (σ, τ )-primary. The proof of the converse part is similar.
Theorem 3.6 Let τ and σ be expansions of filters in L. Then every prime filter of L is (τ, σ)-primary.
Proof. Let F be a prime filter of L, a ∨ b ∈ F and a ∈ τ (F ). By the fact that F ⊆ τ (F ), we get a ∈ F . F is a prime filter of L, so b ∈ F . By F ⊆ σ(F ), we get b ∈ σ(F ). Therefore F is a (τ, σ)-primary.
The following example shows that the converse of the above theorem may not be true. 
Then (L, ∧, ∨, * , →, 0, 1) is a residuated lattice and we can check that F (L) = {{1}, {1, b}, {1, a}, {1, a, b, c}}. Define τ (F ) = {1, a, b, c}, for all F ∈ F (L), and so it is expansion of L. Also {1} is a τ -primary, since only a ∨ b = {1} and b ∈ τ ({1}), but {1} is not prime filter, since a → b = b and b → a = a. Proof. Let τ (F ) be a prime filter, a ∨ b ∈ F and a ∈ τ (F ). We know F ⊆ τ (F ), so a ∨ b ∈ τ (F ). Since τ (F ) is a prime filter, then b ∈ τ (F ). Therefore F is a (τ, τ )-primary.
Corollary 3.9 Let τ and σ be expansions of filters in L and F ∈ F (L). If τ (F ) is a prime filter, then τ (F ) is a (τ, σ)-primary.
Proof. Let τ (F ) be a prime filter, a ∨ b ∈ τ (F ) and a ∈ τ (τ (F )). We have τ (F ) ⊆ τ (τ (F )), so a ∈ τ (F ). By the fact that τ (F ) is a prime filter of L, then b ∈ τ (F ). Then by τ (F ) ⊆ σ(τ (F )), we get b ∈ σ(τ (F )). Therefore τ (F ) is a (τ, σ)-primary. Theorem 3.10 Let τ , σ, ζ and δ are expansions of filters in L such that τ ⊆ ζ and σ ⊆ δ, then every (τ, σ)-primary filter is (ζ, δ)-primary.
Proof. Let F be a (τ, σ)-primary, a ∨ b ∈ F and a ∈ ζ(F ). We have τ ⊆ ζ, so a ∈ τ (F ). Then by hypothesis we get b ∈ σ(F ). Hence by the fact that σ ⊆ δ, we get b ∈ δ(F ), i.e. F is a (ζ, δ)-primary.
Corollary 3.11 Let τ and σ be expansions of filters in L. Then every τ -primary is (τ, σ)-primary.
Proof. Let F be a τ -primary, a ∨ b ∈ F and a ∈ τ (F ). By hypothesis we get b ∈ τ 0 (F ) = F . We know F ⊆ σ(F ), so b ∈ σ(F ). Therefore F is a (τ, σ)-primary.
Let y ∈ L. The function σ y :
is prime filter if and only if σ y (F ) is (σ y , σ y )-primary. (7) if F is σ x∧y -primary, then F is σ y and σ x -primary.
(8) σ y is an expansion of filters in L.
Proof.
(1) We have 1 ∨ y = 1 ∈ F , so 1 ∈ σ y (F ). Now let x ≤ z and x ∈ σ y (F ). Hence x ∨ y ∈ F . We have x ≤ z, so x ∨ y ≤ z ∨ y. Then by filter property of F , we get z ∨ y, i.e. z ∈ σ y (F ). Therefore
We have G ⊆ F and f ∈ F , hence x ∨ y ∈ F . And so x ∈ σ y (F ). Therefore x/G ∈ (σ y (F ))/G.
The proof of the converse part:
. Then x ∨ y ∈ σ y (F ), and so x ∨ y ∈ F , i.e. x ∈ σ y (F ).
(6) Let σ y (F ) be a prime filter, a ∨ b ∈ σ y (F ) and a ∈ σ y (σ y (F )). By part (5), we have σ y (σ y (F )) = σ y (F ). So a ∨ b ∈ σ y (F ) and a ∈ σ y (F ). Hence by hypothesis we get b ∈ σ y (F ). Thus b ∈ σ y (σ y (F )), i.e. σ y (F ) is a (σ y , σ y )-primary.
The proof of the converse part: Let σ y (F ) is a (σ y , σ y )-primary, a ∨ b ∈ σ y (F ) and a ∈ σ y (F ). Hence by part (5), we have a ∈ σ y (σ y (F )). Then by hypothesis we get b ∈ σ y (σ y (F )), i.e. b ∈ σ y (F ). Therefore σ y (F ) is a prime filter of L.
(7) Let F is σ x∧y -primary, a ∨ b ∈ F and a ∈ σ y (F ). Then a ∨ y ∈ F . We know a ∨ (x ∧ y) ≤ a ∨ y, so a ∨ (x ∧ y) ∈ F . Hence a ∈ σ x∧y (F ). So by hypothesis we get b ∈ σ 0 (F ) = F , i.e. F is a σ y -primary. Similarly, we can prove that F is a σ x -primary.
(8) By parts (1), (2), (3), the proof is clerar.
Lemma 3.13 Let P, F ∈ F (L) such that F ⊆ P . If P is prime, then σ y (F ) ⊆ P , for all y ∈ L − P .
Proof. Let x ∈ σ y (F ). Then x ∨ y ∈ F ⊆ P . By the fact that P is a prime filter, we get x ∈ P or y ∈ P . Since y ∈ L − P , we have x ∈ P , i.e. σ y (F ) ⊆ P .
Theorem 3.14 Let P ∈ F (L). P is prime if and only if σ y (P ) = P , for all y ∈ L − P .
Proof. Let P be a prime filter of L and x ∈ σ y (P ). Then x ∨ y ∈ P . Hence x ∈ P or y ∈ P . We have y ∈ L − P , so x ∈ P . Therefore σ y (P ) ⊆ P . Thus σ y (P ) = P , for all y ∈ L − P .
The proof of the converse part: Let σ y (P ) = P , for all y ∈ L − P . Also x ∨ y ∈ P and y ∈ P . Then x ∈ σ y (P ). So by hypothesis we get x ∈ P , i.e. P is a prime filter of L.
Corollary 3.15 A filter P of L is prime if and only if P is σ y -primary for all y ∈ L − P .
Proof. Let P be a prime filter of L, a ∨ b ∈ P and a ∈ σ y (P ). By Theorem 3.14, a ∈ P . Hence b ∈ P , since P is a prime filter. Therefore b ∈ σ 0 (P ).
The proof of the converse part: Let P be a σ y -primary for all y ∈ L − P . By Theorem 3.14. it is enough to show that σ y (P ) ⊆ P , for all y ∈ L − P . Let z ∈ σ y (P ). Then z ∨ y ∈ P . We have y ∨ y = y ∈ P , so y ∈ σ y (P ). Hence by hypothesis we get z ∈ σ 0 (P ) = P , i.e. σ y (P ) ⊆ P , for all y ∈ L − P .
Proof. Let z, t ∈ (F, G). We must show that z t ∈ (F, G). We get z ∨ y, t ∨ y ∈ F , for all y ∈ G. So (z ∨ y) (t ∨ y) ∈ F . By Lemma 2.1, we have (z ∨ y) (t ∨ y) ≤ y ∨ (z t), for all y ∈ G. So z t ∈ (F, G). Now let z ∈ (F, G) and z ≤ t. Then z ∨ y ∈ F , for all y ∈ G, and also z ∨ y ≤ t ∨ y. Hence t ∨ y ∈ F , for all y ∈ G. Therefore t ∈ (F, G). And so (F, G) ∈ F (L). Theorem 3.18 Let F, G ∈ F (L) and F be σ-primary. Then (i) if G is not contained in σ(F ), then (F, G) = F .
(ii) (F, G) is σ-primary.
Proof. (i) Let x ∈ F . Then x ∨ y ∈ F , for all y ∈ G. So x ∈ (F, G), i.e. F ⊆ (F, G). Now let z ∈ (F, G). Then z ∨ y ∈ F , for all y ∈ G. We have G σ(F ). So there exsits y 0 ∈ G such that y 0 ∈ σ(F ). By the fact that y 0 ∈ G, we get z ∨ y 0 ∈ F . Then by y 0 ∈ σ(F ), we get z ∈ F , since F is a σ-primary. Therefore (F, G) ⊆ F . Hence (F, G) = F .
(ii) Let a ∨ b ∈ (F, G) and a ∈ σ((F, G)). We have F ⊆ (F, G), so σ (F ) ⊆ σ((F, G) ). Hence a ∈ σ(F ). Also by a∨b ∈ (F, G), we get a∨b∨y ∈ F , for all y ∈ G. By the fact that a ∨ b ∨ y ∈ F and a ∈ σ(F ), we get b ∨ y ∈ F , for all y ∈ G, since F is a σ-primary. Therefore b ∈ (F, G). So the proof is complete.
